Photoelasticity method is used to study experimentally the complete Williams series expansion of the stress and displacement fields in the vicinity of the crack tip in isotropic linear elastic plates under Mixed Mode loading. The distribution of the isochromatic fridge patterns is employed for obtaining the stress field near the crack tip by the use of the complete Williams asymptotic expansion for various classes of the experimental specimens (plates with two collinear cracks under tensile loading and under mixed mode loading conditions). The higher order terms of the Williams series expansion are taken into account and the coefficients of the higher order terms are experimentally obtained. The stress field equation of Williams up to fifty terms in each in mode I and mode II has been considered. The comparison of the experimental results and the calculations performed with finite element analysis has shown the importance and significant advantages of photoelastic observations for the multi-parameter description of the stress field in the neighborhood of the crack tip.
Introduction
The advent of computers coupled with developments in personal computer digital image processing has had a great influence in the development of modern photoelasticity [1] [2] [3] [4] [5] [6] [7] [8] . The term "digital photoelasticity" refers to the automation of the photoelastic data collection and analysis [1] . The classical manual procedure of analysis is usually very tedious and time consuming and requires skilled and experienced personnel. With the advent of digital image processing techniques in photomechanics, digital photoelasticity has become very popular [1] [2] [3] [4] [5] [6] [7] [8] [9] . The development of the computer-aided analysis of the experimental data obtained from photoelastic experiment caused rapid growth of the photoelasticity experiments [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , especially in fracture mechanics for analysis of the crack tip fields and crack tip parameters. In the past two decades crack-tip mechanics has been studied increasingly using full-field techniques, namely DIC [15] and photoelasticity [1] [2] [3] [4] [5] [6] [7] [8] .
Thus, in [2] the experimental technique of photoelasticity has been utilized for calculating bi-material notch stress intensities as well as the coefficients of higher order terms. Employing the equations of multi-parameter stress field allows data collection from a larger zone from the notch tip and makes the data collection from experiments more convenient. Moreover, the effects of higher order terms in the region near the notch tip are taken into account. For the photoelasticity experiments, a laboratory specimen known as the Brazilian disk with a central notch, consisting of aluminum and polycarbonate, has been utilized in [2] . Using this specimen, different mode mixities could be easily produced by changing the loading angle. The bi-material notch stress intensities and the first non-singular stress term (called T-stress) were calculated for different test configurations. In order to utilize the advantages of whole-field photoelasticity and minimize the experimental errors, a large number of data points were substituted in the multiparameter stress field equations. Then the resulting system of nonlinear equations was solved by employing an over-deterministic least squares method coupled with the Newton-Raphson algorithm. It has been shown [2] that considering the T-stress term improves, to a large extent, the accuracy of the stress intensities calculated through the photoelasticity technique. Moreover, by reconstructing the isochromatic fringes, the effects of the T-stress term on the shape and size of these fringes around the notch tip were investigated for a 30 notch. The experimental photoelasticity results were also compared with the corresponding values obtained from finite element analysis and a good correlation was observed.
In [3] it is noted that the V-notches are most possible case for initiation of cracks in structure elements. The specifications of cracks on the tip of the notch will be influenced via opening angle, tip radius and depth of V-notch. In [3] the effects of Vnotch's opening angle on stress intensity factor and T-stress of crack on the notch has been investigated. The experiment has been done in different opening angles and various crack length in mode I loading using photoelasticity method. The results illustrate that while angle increases in constant crack's length, stress intensity factor (SIF) and T-stress will decrease. Beside, the effect of V-notch angle in short crack is more than long crack. These V-notch affects are negligible by increasing the length of crack, and the crack's behavior can be considered as a single-edge crack specimen.
Guaglianon [4] et al considered the multi-parameter description of the crack tip in isotropic linear elastic materials. The elastic stress field around a crack tip is fully defined through multiparameter equations. A code and program were implemented to evaluate the characteristic parameters of the stress field around a crack tip by photoelastic analysis. The possibility to change the number of parameters makes it possible to adapt the study to different cases, increasing the extension of the analyzed area in order to have a correct modeling of the photoelastic fringes. The performed experimental tests allow emphasizing the importance of using multiparameter equations in the study of the stress field around the crack tip.
Inspired by the Brazilian disk geometry the authors of [5] examine the utility of an edge cracked semicircular disk (ECSD) specimen for rapid assessment of fracture toughness of brittle materials using compressive loading. It is desirable to optimize the geometry towards a constant form factor for evaluating SIF I K . In this investigation photoelastic and finite element results for I K evaluation highlight the effect of loading modeled using a Hertzian loading. According to authors of [5] a Hertzian loading subtending 4 at the center leads to a surprisingly constant form factor of 1.36. This special case is further analyzed by applying uniform pressure over a chord for facilitating testing.
Lei et al [6] applied photoelasticity method for study of structural imperfection of ZnGeP 2 crystal. The stresses related to rows and accumulations of dislocations were revealed by photoelastic method for ZnGeP 2 crystals grown by Vertical Bridgman method. A comparison of information from topographs of photoelastic method and X-Ray topography based on Borrmann method was carried out. It was shown that the strongest contrast is observed on boundaries of dislocation rows and regions of relatively perfect crystals. Photoelastic method gives information about defect structure where X-Ray topography can not be applied because of high density of defect sand disorientation of reflection planes. Because of high sensitivity of photoelastic method the images of defects have larger size then in X-Ray topography. That is why in ZnGeP 2 predominately the total contrast from dislocation rows is fixed. However, in low angle boundaries photoelastic images of separate dislocations were revealed. By comparison with results of simulation it was stated that they are created by edge dislocation of slip system {110}(110) what confirms the data obtained by Borrmann method. Thus, photoelastic method can be, from one side, a simple and express method of analysis of ZnGeP 2 plates cut along the plane of optical isotropy (001) and, from other side, an analytical method of identification of dislocations and other defects in this material.
In [7] it is noted once again that the photoelastic technique has seen some renewed interest in past few years with digital images and image processing new methods becoming readily available. However, further research is needed to improve the precision, the accuracy and the automation of photoelastic technique. The aim of [7] is to get new numerical equations for the phase-shifting method in digital photoelasticity using a plane polariscope. The model was developed to plane polariscope because of the simplicity and low cost of this equipment. To develop the phase shift and respective intensity equations only the analyzer is rotated. A ring under diametral compression is used for the experimental validation. From these intensity equations the equations for isoclinic and isochromatic parameters are deduced by applying a new numerical technique. This approach can be used to calculate the isoclinic and isochromatic parameters using any number of images. Several analyses are performed with different number of photographic images. The results showed errors reduce when more phase-stepped images are utilized. Hence, one concludes that the uncertainties in results due to effects of errors on photoelastic images can be reduced with a larger amount of phase-stepped images.
In [8] the recent advances in digital photoelasticity have made it possible to use it conveniently for the stress analysis of articles and components made of glass. Depending on the application the retardation levels to be measured range from a few nanometres to several thousand nanometres, which necessitates different techniques and associated equipments. This paper [8] reviews the recent advances in the photoelasticity of glass with a focus on the techniques/methods developed in the last decade.
The aim of the present study is to found coefficients of the multiparameter asymptotic expansion of the stress field in the vicinity of the tips of two collinear cracks in the isotropic linear elastic plate using the photoelasticity method. The main idea of the paper is to keep the higher-order terms of the Williams series expansion of the stress filed, to reveal and evaluate the effect of the higher-order terms of the asymptotic expansion. The motivation of this study is twofold. First, we would like to compare theoretical results obtain in [9, 10] with experimental data. According to [9, 10] the higher-order terms of the complete asymptotic expansion of the crack-tip stress field can play a significant role. The more distance from the crack tip the more terms it is necessary to keep in the Williams asymptotic expansion. Thus it follows the second reason when the photoelastic data is processing the number of terms of the asymptotic expansion can't be chosen arbitrary. It depends on the distance from the crack tip. Therefore, the distance from the crack tip should be taken into account when we suppose the structure of the solution in the vicinity of the crack tip.
Note that the coefficients of higher-order terms in the Williams series expansions were computed by different approaches in numerous studies [11] [12] [13] [14] [15] .
In [11] the digital photoelasticity technique is used to estimate the crack tip fracture parameters for different crack configurations. Conventionally, only isochromatic data surrounding the crack tip is used for SIF estimation, but with the advent of digital photoelasticity, pixel-wise availability of both isoclinic and isochromatic data could be exploited for SIF estimation in a novel way. A linear least square approach is proposed to estimate the mixed-mode crack tip fracture parameters by solving the multi-parameter stress field equation. The stress intensity factor (SIF) is extracted from those estimated fracture parameters. The isochromatic and isoclinic data around the crack tip is estimated using the ten step phase shifting technique. To get the unwrapped data, the adaptive quality guided phase unwrapping algorithm (AQGPU) has been used. The mixed mode fracture parameters, especially SIF are estimated for specimen configurations like single edge notch (SEN), center crack and straight crack ahead of inclusion using the proposed algorithm. The experimental SIF values estimated using the proposed method are compared with analytical/finite element analysis (FEA) results, and are found to be in good agreement.
In [12] the method of photoelasticity is used to study the effects of first non-singular stress term on isochromatic fringe patterns around the tip of a mode I sharp V-notch. Notches are divided into two categories: notches with opening angles a) less than 45 , and b) between two angles 45 and 152 . First, utilizing the mathematical relations of the isochromatic fringes, the effects of the first non-singular stress term on the shape and size of the fringes are studied theoretically. For notch opening angles less than 45 , it is shown that the isochromatic fringes rotate forward and backward when the coefficient of the first nonsingular term is negative and positive, respectively. It is also demonstrated that both backward and forward rotations of fringe patterns are possible when the notch angle is between 45 and 152 . For all notch opening angles, as the first non-singular term dominates the notch tip stress field, a new type of fringe appears far from the notch tip. In order to evaluate the analytical findings, a photoelastic test program is also performed on a centrally notched cruciform specimen. Using this specimen, different loading conditions are simulated by changing the lateral load ratio and consequently different effects of the first non-singular term on the shape and size of the fringes are investigated experimentally. Good correlation between the analytical and experimental results is observed.
Harilal et al [13] an experimental study is carried out to estimate the mixed-mode stress intensity factors (SIF) for different cracked specimen configurations using digital image correlation (DIC) technique. For the estimation of mixed-mode SIF's using DIC, a new algorithm is proposed for the extraction of crack tip location and coefficients in the multi-parameter displacement field equations. From those estimated coefficients, SIF could be extracted. The required displacement data surrounding the crack tip has been obtained using 2D-DIC technique. An open source 2D DIC software Ncorr is used for the displacement field extraction. The presented methodology has been used to extract mixed-mode SIF's for specimen configurations like single edge notch (SEN) specimen and centre slant crack (CSC) specimens made out of Al2014-T6 alloy. The experimental results have been compared with the analytical values and they are found to be in good agreement, there by confirming the accuracy of the algorithm being proposed.
The coefficients of higher-order terms in the Williams series expansions were computed using the DIC method which is a noncontact full-field optical technique [15] . First, the fundamental concepts of DIC method were described and then, this method was proposed to obtain the higher-order terms of the Williams expansion for a CT specimen under pure mode I loading. The displacement field around the crack tip in the CT specimen was determined by the DIC approach. The displacements were utilized in order to obtain the coefficients of Williams expansion. Then, these coefficients were also calculated by using the FE method from the displacement field in the vicinity of the crack tip. The values of stress intensity factor and T-stress obtained from the DIC and FE techniques were compared with the results of previous researches. The efficiency and accuracy of the DIC technique in determining the coefficients of higher order terms in the Williams expansion were demonstrated for the CT specimen. As it is noted in [11] the accuracy of SIF estimate could be improved by improving the accuracy of the isoclinic parameter estimate using the white light photoelasticity thereby eliminating the isochromatic-isoclinic interaction noise. An advanced experimental technique for determination of the stress intensity factor (SIF) and the T-stress is developed in [18] and carefully verified. The approach employs optical interferometric measurements of local deformation response to small crack length increment. Narrow notches are used for crack modeling. Initial experimental data represent inplane displacement component values measured by electronic speckle-pattern interferometry in the vicinity of the crack tip. Determination of the first four coefficients of Williams' series is the main feature of the developed technique. Relationships for transition from measured in-plane displacement components to required fracture mechanics parameters are presented. Availability of highquality interference fringe patterns, which are free from rigid-body motion, serves as a reliable indicator of real strain state near the crack tip. Experimental verification of the proposed method is performed for non-symmetrical and symmetrical crack in thin rectangular plates subjected to uniaxial tension. The distributions of SIF and T-stress values for cracks of different length in residual stress fields near electronically welded joints of thin plates are presented as an example of practical implementing.
In [19] the common definitions for mode I and mode II are evaluated and improved. For this purpose, the in-plane linear elastic stress field around the crack tip is written as a set of infinite series expansions. Mode I and mode II fields are classically defined as symmetric and anti-symmetric parts of these expansions, respectively. There is also a constant term called ''T-stress" in these expansions; parallel to the crack line and independent of the distance from the crack tip. Previous definitions assume that Ts-tress exists only in pure mode I or combined mode I and mode II conditions. Based on these definitions, T-stress always vanishes in pure mode II. However, the published results of several analytical and experimental researches indicate that the constant stress term can exist in mode II stress field, as well. In this paper, some examples are presented which indicate the presence and importance of T-stress in pure mode II conditions. Then, the classical definition for mode I and mode II is modified to make it consistent with the results presented in the literature.
Thus, the photoelasticity techniques have been extensively used for experimentally determining the state of stress in actual mechanical components. In this research, photoelasticity was employed to assess the singular and higher-order coefficients of the Williams series expansion for the stress field in the vicinity of the crack tip. To utilize the advantages of the whole -field photoelasticity and minimize the experimental errors, the overdeterministic method [18] has been used. The experimental equipment is shown in Fig. 1 . The aim of this paper is to obtain the coefficients of the higher-order terms in the Williams expansion and to estimate the influence of these terms on the stress field description taking into account as many as possible terms in the asymptotic presentation of the crack tip fields.
Elastic stress field around the crack tip
In the development of linear fracture mechanics M. Williams made a major breakthrough in the analysis of the asymptotic stress field at the vicinity of the crack tip in isotropic linear elastic plane media. With the eigenfunction expansion method it is possible to establish the separable variable nature of the solution and to obtain asymptotic expressions for the stress field in a plane medium with a traction-free crack submitted to mode I, mode II and mixed-mode (mode I and mode II) loading conditions:
with index m associated to the fracture mode; 
Characteristics of the fracture problems such as the geometry of the specimen and intensity of the load influence neither radial nor angular functions in equation (1) [21] . All the variety of fracture mechanics problems is therefore taken into account in the sole sequence of coefficients m k a .Terms with higher orders have been proven to be influential in some circumstances [9, 10, 16, [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In the present paper the experimental technique of photoelasticity was employed to investigate the effects of the higher order terms on both the shape and the size of the near crack tip isochromatic fringes for the wide range of specimens.
Photoelastic determination of coefficients of the higher order terms in the Williams series expansion
Based on the classical concepts of photoelasticity, the locus of an isochromatic fringe is expressed by the stress optic law
where m  is the maximum in-plane shear stress, N and f  represent the fringe order and the material stress-fringe value, respectively, h is the specimen thickness. On the other hand, the relation between the maximum shear stress m  and the Cartesian stress components is 2 2 2 11 22 12
The maximum in-plane shear stress around the crack tip can be described by considering K terms of Mode I and M terms of Mode II expansion from equation (1) . By substituting the truncated series expansion of equation (1) 
Equation (6) provides K and M terms in Mode I and Mode II expansions, respectively to represent the near crack tip stress field. Further the method of evaluation of mixed-mode stress field parameters proposed in [17] is used. The method is called as an over-deterministic method for calculating the stress intensity factor as well as the coefficients of the higher-order terms in the Williams series expansions in cracked bodies.
Experimental procedure
A set of cracked specimens was used to calculate the stress intensity factor and the coefficients of the higher-order terms of the complete Williams series expansion for the stress field in the vicinity of the crack tip. These specimens are the plate with two collinear crack of the equal length (Fig. 3) , the plates with two collinear cracks of different lengths (Fig. 4) , the plates with two inclined collinear cracks of the equal and different lengths (Fig. 5) . 
Calibration of stress optic coefficients and types of experimental specimens
The value of the fringe constant is determined experimentally by inducing a known stress difference 1 2    in a model that is made of the same material as the specimen of interest by observing the corresponding value of N and by solving the optic law 1
A common calibration specimen is circular disk (Fig. 2) . The isochromatic fringe patter of circular disk under diametral compression is shown in Fig.1 After the image acquisition several interactive programs were developed for determining coefficients of higher-order terms. The necessary photoelastic data for a large number of selected points were collected using MATLAB. The algorithm is based on the fact that each pixel of a grayscale photograph has a value or intensity in the range of 0-255, such that a pixel of 0.0 is displayed as black, a pixel value of 255 is displayed as white. Hence, pixels with lower intensities are corresponding to the darker points of grayscale photos. The computer code as it was proposed by M.R. Ayatollahi and M. Nejati in [14] was also developed. The code allows us to find the points of isochromatic fringe pattern. The approach was repeated for several lines in rd International conference "Information Technology and Nanotechnology 2017" 205
. different directions and the darkest point of every isochromatic fringe in each radial direction were found. The positions of these points were collected and used. The collection of these points is used for determination of the higher order terms of the Williams asymptotic expansion for the stress field in the vicinity of the crack tip. The number of the points depends on the isochromatic fringe. The schematic presentation of the specimen geometry is shown in Fig. 6 . The normalized coefficients Table 1 . The coefficients of the Williams series expansion for the stress field in the vicinity of the crack tip z a  ( , 0.5 , 0.5 , Table 2 . The coefficients of the Williams series expansion for the stress field in the vicinity of the crack tip z ñ  (Fig. 6) ( , 0.5 , 0.5 , Table 3 . The coefficients of the Williams series expansion for the stress field in the vicinity of the crack tip z a  (Fig. 6) ( 2 , 0.5 , 0.5 , The teoretically reconstructed isochromatic fringes calculated by the use of the Williams series expansion with the coefficients presented in Tables 1-5 are shown in Fig. 7 . Here blue points are experimentally chosen points and the red lines are theoretically obtained contours of the diffferences of the principal stresses. One can see good consistency the theoretical results with the experimental points. Our analysis shows that the higher order terms of the Williams series expansion play significant role in the description of the stress field in the vicinity of the crack tip. A bitmap image can be constructed by calculating the intensity numerically at each point in a large array of regularly spaced points and observing the resulting pattern. An example is shown in Fig. 10 for dark-field isochromatics in multi-parameter stress field based on Eq. 1. The contours of the Mises equivalent stress in the vicinity of the Mode I crack tip and Mode II crack tip are shown in Fig. 9 and Fig. 10 respectively. From Fig. 9 (left) one can see the contours of the Mises equivalent stress in the vicinity of the Mode I crack tip obtained by the leading order term of the Williams series expansion shown by red lines and the exact solution of the problem and multi-parameter description of the stress field [16] shown by blue lines. One can see that the asymptotic solution and the exact solution conicide only in the vicinity of the crack tip at very small distances from the crack tip. Increasing the number of terms of the Williams expansion results in extension of the domain where the Williams asymptotic expansion is valid. Finally, Figure 9 (right) shows the contours of the Mises equivalent stress obtained by the Williams expansion keeping 100 terms (red lines). The red lines coincide completely with the exact solution for the infinite elastic medium [16] . The similar results have been obtained for mode II (Fig. 10 ) and mixed mode crack problems. Fig. 9 . Influence of the higher order terms of the Williams asymptotic expansion. 
The experimentally obtained coefficients and the theoretical results are in a good agreement. The exact expressions for the coefficients of the higher order terms in the Williams series expansions known for the plate with two collinear cracks have been used either for checking the results of the program developed. The accuracy of the method has been tested for several configuration subjected to pure Mode I and Mixed-Mode loadings.
Results and Discussion
In this research, photoelasticity is employed to assess coefficients of the complete Williams series expansion of the linear elastic stress field in the vicinity of the crack tip for a wide class of experimental specimens subject to mixed mode loading: plates with two collinear cracks of equal and different lengths under tensile loading and mixed mode loading. The study has showed that the coefficients of higher order terms can play an important role in fracture process in notched and cracked structures. The approach developed allows us to construct all the higher order terms in the asymptotic expansions in order to better approximate stress field. We use the plates with two collinear cracks under mixed mode loading to construct the complete multi-parameter asymptotic expansion of the stress field in the vicinity of the crack tip.
By means of photoelasticity the distribution of the isochromatic fridge patterns and the stress field near the crack tip based on the complete Williams asymptotic expansion for various classes of the experimental specimens under mixed mode loading are obtained. In the present contribution fracture mechanics problems regarding the study of the stress and displacement fields around a crack tip under mixed mode loading are discussed in the framework of photoelastic techniques and an overdeterministic method for calculation of the coefficients of crack tip asymptotic field. The comparison of the experimental results and the calculations performed with finite element analysis has shown the importance and significant advantages of photoelastic observations for the multiparametric description of the stress field in the neighborhood of the crack tip.
Conclusion
The study is aimed at experimental and computational determination of the coefficients in the crack tip stress asymptotic expansions for a wide class of specimens under mixed mode loading conditions. In the paper multiparametric presentation of the stress filed near the crack tips for a wide class of specimens is obtained. Theoretical, experimental and computational results obtained in this research show that the isochromatic fringes in the vicinity of the crack tip are described more accurately when we consider the complete Williams asymptotic expansion of the stress field and we have to keep the higher order stress terms in the asymptotic expansion since the contribution of the higher order stress terms (besides the stress intensity factors and the Tstress) is not negligible in the crack tip stress field. The example problems revealed the advantage of using a multi-parameter solution in terms of collecting data from a larger zone. A good correlation was observed between the experimental results and the numerical results obtained from finite element analysis.
